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ANAIOG STUDIES OF THE LIMIT-CYCLE FUEL CONSUMPTION
OF A SPINNING SYMMETRIC DRAG-FREE SATELLITE

Introduction:

The lifetime of a drag-free satellite is directly related to the
limit-cycle fuel-consumption rate of the control jets. By proper
adjustment of control parameters, it is possible to maintain the fuel-
consumption rate at an acceptable level. This report evaluates the
results of an analog computer simulation for the case of a drag-free
satellite which is spinning at a constant rate about its symmetry axis.

The limit-cycle fuel-consumption rate is employed as a performance
criterion comparingan on-off control versus a pulse-width,
pulse-frequency system. A lead-lag filter is used to derive rate
information from the position measurements. Noise is added to these
position measurements and its effect on the performance is also con-

sidered,

Analog Computer Simulation:

Derivation of the equations of motion and the control synthesis
for the spinning drag-free satellite have been given by Lange.*
Fig. 1 depicts the configuration for this case., The inertiai
coordinate system (x', y') is fixed with the x'-axis parallel to the
direction of the drag force, and the body-fixed frame (x, y) rotates at

a constant angular rate. The equations of motion in the body-fixed

frame are

*The Control and Use of Drag-Free Satellites" by B. Lange, Ph.D.

Thesis, Dept. of Electrical Engineering, Stanford University, June 1964.

‘__l



'}.C—U)zx- 2ADy

I

F coswt + F
D cxX

. 2 . ¢D)
V-0 Yy + 20X = —FD sinwt + FC

where FD is the magnitude of the drag acceleration (assumed constant
for several limit-cycle periods), and ch’ FCy are the control accelera-
tions along the x and y axes respectively. The substitutions
= j = F j = j
13 X + Jy, Fc ex T I Fcy’ FD FDX + J FDy (2)

transform Eq. (1) into the complex form

£+ 2jef - 0% = F_ + F) (3

A second transformation
n = ke (4)

reduces Eq. (3) to

ﬁ = F e + FDe (5)
which is simply the equation of motion in the inertial frame. A
standard linear feedback control is chosen as
F e = —KVT] - Kp‘r] = —Kv[n + kn] (6)
where k = KP/Kv

This control law is then transformed back into the rotating frame and

becomes
Fc = —Kv[g + (k + jw)e] (7)
or in real form
= - < - k
Fo Kv[x wy + kx] &
= - ’ [40] k
Fcy Kv[y + wx + ky]

Since this linear control makes the system stable for all positive

values of the control gain, the linear gain element is replaced with a




relay control to operate the jet valves as suggested by Aizerman.* An
alternate method is to approximate the linear control by a pulse-width,
pulse-~frequency system.

This system has been mechanized on the TR-48 analog computer where
the problem is scaled to permit investigation of the limit-cycle
behavior near the origin of the phase space. Details of the analog
circuits are presented in the appendix. Block diagrams for the two
control simulations are shown in Figs. 2-L4.

Numerical values for the fixed parameters of this simulation were
determined from practical considerations. The magnitude of the drag
acceleration was taken to be FD = 7.17 x 10_2 cm/secz, which corresponds
to an altitude of 100 statute miles. This value probably will not be
exceeded for most applications. The magnitude of the control accelera-
tion was chosen as Fc =1 cm/sec2 which is about ten times the value for
the drag acceleration. To eliminate the high-frequency noise spectrum,
the cutoff frequency for the lag filter was set at 50 rad/sec. A
nominal value of k = 1 sec_1 (k is not a fixed parameter), led to
a value for the lag filter constant of (@ = 50. Preliminary runs of
the analog simulation were used to determine nominal values for the
variable parameters. These values are listed in Table 1, The param-
eters were then varied, one at a time, about the nominal case and their

effect on the fuel-consumption rate was recorded. Four different cases

*
Absolute Stability of Control Systems by M. A. Aizerman and F. R.

Gantmacher, Holden-Day, San Francisco, 1963.
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were observed for every parameter variation. They were (See Fig. 2):
Case A: Rate gyro switch closed without noise inputs
Case B: Rate gyro switch open without noise inputs
Case C: Rate gyro switch closed with noise inputs
Case D: Rate gyro switch open with noise inputs.
To provide relative measure of performance, a normalized fuel-con-

sumption rate is defined as

measured fuel- consumption rate €))]

|
theoretical minimum fuel-consumption rate

where the theoretical minimum fuel-consumption rate is the value re-
quired to counteract the drag force. As there is generally a component
of the thrust perpendicular to the direction of the drag when the
satellite is rotating, the normalized fuel-consumption rate is always
greater than unity.

Since the analog measurements showed some dispersion, it was neces-
sary to run several trials for each data point to obtain an average
value. The spread of the data varied approximately as AW~+0.08(W-1).
The primary reason for this proportionality was the method of esti-
mating the fuel-consumption rate. The fuel-consumption rate was found
by measuring the time for the control system to use up a specified
amount of fuel., This meant that shorter averaging times were used at
higher rates, causing a larger spread in the measurements. It should
also be noted that additional variations were caused by the system's

sensitivity to the pot settings.

Results for On-Off Control:

The normalized fuel-consumption rate as a function of the variable




parameters is presented in Figs, 5-8 (without noise inputs) and Figs.
9-13 (with noise inputs). It should be noted that high fuel-consump-
tion rates usually correspond to large limit cycles. This is due to
control pulses occurring on both sides of the deadzone as the limit-
cycle size increases. Therefore, fuel is wasted since some control
pulses actually augment the drag force. The frequency of these ''bad
firings" generally increases when noise is present. Large fuel-con-
sumption rates for both high and low values of the feedback gain k
are shown in Fig. 5 and Fig. 10. Since k 1is just the slope of the
switching line, the limit-cycle size increases for large k. When k
is small, the switching points are not precise and control pulses fre-
quently occur at the wrong place. These effects are accentuated when
noise is added. An interesting minimum exists near ¢ = 0.08 cm in
Fig. 6 and Fig. 11 when the rate gyro switch is open. This is pri-
marily due to the increased importance of the gyro terms as x and y
become large (see Eq. 8). The absence of the gyro terms degrades the
accuracy of the rate information which increases fuel consumption,

The minimum for the hysteresis & shown in Fig. 12 may be due to
improper switchings by the noise for small values of &. In general it
can be seen that although the fuel-consumption rate is usually higher
with the rate gyro switch open, the difference is not too great for
angular rates under 1 rad/sec, but increases rapidly for higher rates
(see Fig. 8 and Fig. 13). It is also important to notice in Fig., 9
that the performance is very poor for noise levels higher than

g= 2% 10_3 cm (deadzone to noise ratio = 25).



Steady-state motion for the nominal case is represented by the
phase planes of Fig. 14. A ten-second time interval was used for each
photo. While occasional bad firings occur for case B, they are not

nearly as severe as cases C and D.

Results for Pulse-Width, Pulse-Frequency Control (PWPF):

The normalized fuel-consumption rate graphs for this control are
given in Figs.15-19 (without noise inputs) and Figs. 20-25 (with noise
inputs). Although the integrator gain 7 1is unimportant for cases A
and B (see Fig. 15), it must be made large enough to be sure that the
integrator does not track the noise as seen in Fig. 21, Scaling prob-
lems made it difficult to obtain data for higher angular rates in Fig.
19 and Fig. 25, but the phase plane behavior for these cases indicated
results similar to Fig. 8 and Fig. 13. For the most part, the perfor-
mance was slightly better with the rate gyro switch open. However, fuel
consumption worsened rapidly without the rate cross-coupling as the
vehicle was rotated faster than 1 rad/sec. Once again the graphs show
that some improvement is derived by exceeding the nominal value of the
trigger deadzone. It can also be seen that the PWPF system is
about twenty times less sensitive to noise than the on-off control since
the performance does not deteriorate until noise levels of about
o=4x 10-2 cm (trigger deadzone to noise ratio = 1) are reached.

Phase planes for :the nominal case are shown in Fig. 26. A thrust-
direction history for the nominal case is given in Table 2 where it can

be seen that the larger thrust component usually opposes the drag force.




Conclusions:

This simulation has shown that the pulse-width, pulse-frequency
control system has superior noise-rejection characteristics in compar-
ison to strictly on-off control. In addition, the PWPF system is
more economical even without noise inputs.

Since only small differences were noted when the rate gyro switch
was open, this portion of the control could be removed to simplify the
system. However, this chang:z is only warranted when the angular rates
are sufficiently small.

The simulation has also shown that both control systems automat-
ically commutate the jets fixed on the rotating vehicle so that they
fire to oppose the drag force, except that there is a small control com-
ponent perpendicular to the drag direction which stabilizes the cross-
axis motion. Furthermore, the control systems do not require measure-

ments of the magnitude or direction of the drag fofce.
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TABLE 1. Nominal Values for Varigble Parameters

Feedback gain: k=1 sec_l
Deadzone: £ = 0.05 cm
Hysteresis: 5 = 0.038 cnm
Angular rate: ® = 1 rad/sec
Integrator gain: T = 0,75 sec

Noise Level:

(on-off) o 3

1.418 x 10 ° cm

2

(PWPF) g 2.270 x 10 ° cm




TABLE 2. Thrust direction history for PWPF control

(Duration: 6 cycles or 37.7 sec.)
Case

(Without Noise) (With Noise)
Angle between thrust and A B c D
drag (thrust component
opposing drag) With Without | with Without

Gyro Gyro Gyro Gyro
+ 45° 35 33 38 36
+ 45° -5 + 60° 7 9 9 10
+ 60° - + 90° 6 2 12 15
Bad firings (no.thrust 9 2 8 10
component opposing drag)
Total firings 50 46 67 71
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Fig. 4. Pulse-Width, Pulse-Frequency Control

.-
A |
_% L
28—
Fig. 3. On-0ff Control
+
+ | SAME AS
z TS Fig.3

12




(9STON 3NOUITM TOXJUC) JJO-UD) UTEBD OBdposi SA 938 uotadumsuo) -Tand PIZTTBUWION G "ITd

(,-99s)¥

T T I T

(A9 HLIM) Vv 3SVO O

14 ¢ [ I 0

(OHA9 1NOHLIM) 8 3ISVO ¥ ]




(°STON NOUITIM TOIIUOD JJO-UQ) SUOZPRSq SA 938y uoT4dumsuc)-rond pPozZITBWION 9 ST
(wo) 3

1o 600 200 G000 mo.m_u

T T T 1 o

14

(OHA9 1NOHLIM) 8 3SV) w v
(OHA9 HLIM) V 3SVD O




(SSTON 3NOUITM TOXRUOD JJO-UQ) STSaxaisAH sA 938y uoT3dUNSuUo)-ToNd PIZTTEUWLION

©) 914

(w2)g
800 900 00 200 O |
| | ] 1
12
€
(OHA9 1NOHLIM) 8 3SVI W 1P
(OHA9 HLIM) V 3ISVD ©

mn
.




(®STON 2NMOUFTIM TOJJUO) JJO-UQ) 938y JB[NSuy sA 938y uoTrdwnsuo)-Tond pazI{BWwIoN ‘g *S1d

(93s/poa)m
Z gl | GO 0
I _ T 1 _
—2
-1€
(O¥A9 INOHLIM) 8 3SVD v -
(OHAD H1IM) VvV 3SVO ©

16




(9STON U3ITM TOI3UO) JJO-UQ) ToA¥T OSTON SA 238y UoTqdunsuo)-Teng PozTTBWION 6 514
(wd) o0
OIx0'¢ OIxg'| OIxO'l 0IxS0 0
€- €- €- €- |
| | I I

|-

—

(O”A9 1NOHIIM) @ 3SVO ¥ b
(OHAD H1IM) O 3SVO ©




(9STON U3TM TOIJUOD JJO-UD) UTBY ¥0oeqpaai sA 918y woTqdumsuo)-Tong PozTTewIoN ‘0T 'STd

( _loowvv_

14 ¢ é I 0
_ I _ T _

(OYA9 1NOHLIM) @ 3SVO W
(OHA9 HLIM) O 3SVD ©

18




(SSTON U2TM TOIUO) JJO-UQ) suozpeaq sSA 38y uoT3dunsucp-Tond pazlremwdoN “TT °"3Td

AEovw

alo oro 800 900 vo.n_u
T _ _ _

(OYA9 LNOHLM) @ 3JSVI W v

(OMA9 HLIM) O 3SVD ©




(oSTON U3TM TOJIJUO) JJO-UQ) STsax94sdH sp 938y uoT3dunsuo) -Tang pPozTTBULION

(wd) g
800 900 00 200

"2l '3y

1 { 1 I

(OHA9 1NOHLIM) @ JSVD W

(O4AO HIM) O 3SVO ©

20




(9STON U3TM TOJIRUOD JJO-UQ) 938y Je[nduy sA o384 uoTydumsuo)-Tsng pazriiewtoN ‘¢l °Itd
(99s/pPDJ) M
T G/l T eL0 mN.ﬁ_u
| I | |
¢
9 TR =5
v , .
&
M
-1€
(OYA9 LNOHLIM) @ 3SVD W —1b
(OYA9 H1IM) O 3SVO O




(49 40°0 92ZTS PTID) TOIUOD JJO-UO 04 ,X SA X JO saueld oSeYd ‘4T °91d

(SSTON Y3TM ‘Oxkn oN) (oSTON U3TM ‘oxhp)
a ase) J 9sB)

(9STON 3NOU3IM ‘0L ON) (9STON 3nOU3TH ‘oafp)
g ose)d YV 9se)

22




(9STON JNOYITM TOIFUCH AdMd) UuTeD) J03BIZSIUT S\ 93BY uoTadunsuo) Tong PoZITRWION "¢T °*JT1

(99s) 2
Il 60 L0 G0 m.o_
I ] T T
—n V4 Z_____ — 3
Y— Y00 0 O e
—1¢
e}
N
M
1€
(OHA9 LNOHLIM) 8 3SVD ¥ Hv
(OHA9 HLUM) Vv 3SVO ©




(SSTON 3NOUITM TOIFUOY AJMI) UTBH ¥oeqpasd sSA 298 UOT4AUNMSUO) -ToNd PIZTITEWION ‘9T *STd

—
—_

(OYAO LNOHLIM) 8 3SVD v —1v
(OYA9 HLIM) VvV 3SVO O

24




(SSTON 3NOUITM TOIFUOH AdMd ) Suozpeaq o831y,

sp 29wy uolqdunsuo) -Tenyd PoZTTBWION

*JT Std

AESw
800 900 00 200 o_
| | i 1
o- —O— Y
-2
M &
¢
(OMA9 LNOHLIM) 8 3SVD W v
(OHA9 HLM) Vv 3SVD O




(9STON JNOYFTM TOIFUOD JJMJ) sTsaga3sdy  sA 93wy uoTrdumsuo) -Tong POZTTBWION QT *ILd

(w?) Q
800 900 12010 200 0
T

(OYAS 1NOHLIM) 8 3SVI w —1v
(OYA9 HLIM) Vv 3SVO O

26




(9STON 9NOUITM TOXFUOD AdMJ) @38 Je[nBuy sA 938y UOTIAUMSUOD -ToN] PIZTTBUION 6T At

(09s/PDJ) M

02 gl | G0 0
T T T ] _
[O)
0)
-2
N
M
—€
(0OYA9 1NOHLIM) 8 3JSVO W —Hv
(OMA9 H1IM) V¥ 3SVD O

271




(9STON U3ITM TOI3uU0) _mmzmv ToAT] 9STON SA 29®vy uoTqdumsuo)-Tang PazZITBUWION 02 ‘S0
(wo) o
OIx X X2 X
2- b N.o_ ¢ N.o_ N.o_ [ _
| { I 1

(O4A9 LNOHLM) @ 3SVD w b
(OHA9 HLIM) O 3SVD O

28




(SSTON UITM TOJIIUOD AdMd) uTen JI03eIAZOQUL ‘SA 93BY uoTqduNsuo)- Tong PIZITRUION °Tg "3Td

9

(09s) 2
I'l 60 20 (o3 €0
] T T T _
V
—Z
A
M
—€
(0HA9 LNOHLIM) Q 3SVD ¥ Hb
(OHAD HLIM) D 3SVD O




(9STON U3TM TOIUO) JdMJ) UTED ¥oeqpeai sA 938Y uoTidumsuc)-Tong pozITewdoN -zg *91d

(,_99s)

174 ¢ P4 | 0]
T T T T _

(OHA9 LNOHLM) 4 3ISVO W -1t
(OYAD HLIM) O 3SVO O

30




(9STON U3TM TOXQUOD AdMd) ouozpesq I9FFTAL SA 9%ed UOTHAWNSUCY-TaNG PIZTTEUION

(w?) w
800 900 00 200

‘gz "ITd

I | | I

D
0 Ji

(OHA9 1NOHLIM) @ 3SVD ¥
(OHAD HLIM) O 3SVO ©

31




(°STON U3TM TOI3UO)H AdMd ) STSax9184q spA 93'd uoTAduUMSuUO)-Tond PoZTTBULION e "81g
(w2) Q
800 900 00 200 0

(OYAS 1NOHL1IM) d 3JSVDO W
(OHA9 HLIM) O 3SVI ©

32




(9STON UITM TOIJUO) IIMI) 938d IBTn3uy

(98s/pDJ) m
Gl o)

spA 99ey uoradumsuo)-Tong PoZITEBULION

¢o

"G 8T

| |

(OYA9 1NOHLIM) 0 3SVO W
(OHA9 HL1IM) O 3SVO ©

o

N)
N)




(Wo #0*0 :92ZTS PIID) TOIUOD AdMI IO0F X SA ¥ Jo saueld °oseuyd -9z ‘14
(esTON 3nOUITM ‘0xhp oN) (esTON U3TM ‘0a4D)
a 9sw) 0D ese)

3k

(9sTON 3nouzIM ‘oIép oN) (9sTON 3noy3TM ‘oxfn)
d 988D Y ase)




APPENDIX ANAIOG CIRCUITS

The two TR-48 computers used in this simulation are shown in Fig.
A-1., The analog circuits are given in Figs. A-2 to A-7. Since the con-
trol simulation is identical for each channel of the dual axis system
shown in Fig. A-3, the two channels are shown simultaneously in Figs.
A-4 to A-6, Although it is not shown in the figures, noise should also
be added to the rate gyro inputs. Satisfactory operation in the limit
cycle mode was obtained by using an amplitude scale factor of 0.02 cm
per volt. The integrators were run at ten times their normal rate with
a time scale factor of 8 = 10. This prevented amplifier overload and
made it possible to run the problem in real time. Due to inherent
time-delay in the computer, it was also necessary to set initial con-
ditions on the integrator of the filter in Fig. A-4 to prevent initial
overload.

The noise generator used for this study was manufactured by
Electronic Associates Incorporated (designated Model 201A). The
spectral density was determined by passing the noise through a narrow
band-pass filter and then measuring the variance of the filter output.
As the order of the lag filter was increased, the contribution of the
non-uniform portion of the generator spectrum diminished. The value of

3 (volts)z/

the uniform spectral density converged to N0 = 1.89 % 10
(rad/sec) for a third-order lag filter with a cutoff frequency of 100

rad/sec. The operating manual for the noise generator claims that there

is a 95% certainty that the measured value of spectral density is

[}
N



within 2.5% of the true value.

The pot settings for the discontinuous control(Fig. A-6) did not
behave linearly and it was necessary to find them by experimentation.
Pots one and two fixed the operating level at ten volts since the net-
work did not perform properly at low voltage levels, Pots three and
four set the deadzone size while pot five determined the amount of
hysteresis. A relay was used to cut off small currents which leaked
through the high gain amplifier., The relay also determines the sign
and magnitude of the control signal.

The fuel-consumption rate was found by simply integrating the
control impulse until the integrator reached a specified value, The
time taken to attain this value was measured by another integrator

which acted as a clock,

36
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0800 | % lo.s00 | 9 [o.500 | O |o.ugo | B 09
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0.500 | 10 Jo.500 11 |o.500 12 lo.500 | 13 1k
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15 16 17 18 19
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Noise Level Noise Level
20 21 22 23 2k
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kQ/100B kC,/1008 Noise ILevel
25 26 27 28 29
0.150
Noise Ievel
30 31 32 33 3L
35 36 37 38 39
Lo 41 ko 4z Lh
45 L6 L7 48 Lo
50 51 52 53 54
55 56 57 58 59
Pot-Set List For On-Off Control (TR-48#1)
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Pot-Set List For PWPF Control (TR-48#1)
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Pot-Set List For Both Controls (TR-L84#2)
(Pots 45,46,50,51,55,56 For PWPF Control Only)
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